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1. Introduction 

Let On be the ring of germs of analytic functions h : C", — t- C. Consider the 
analytic variety V = {x : fi{x) = . . . = fr{x) = 0} C C", 0, where /i, . . . , are 
germs of analytic functions. In this note we study function germs /i : C", — )■ C, 
under the equivalence relation that preserves the analytic variety V, 0. We say 
that two germs /ii,/i2 : C",0 — i- C, are T^-y-equivalent if there exists a germ of 
diffeomorphism : C", — t- C", with ip{V) = V and hi o ip = That is, 

nv = {^en: ^{V) = V} 

where TZ is the group of germs of diffeomorphisms of C", 0. 

We denote by 9n the set of germs of tangent vector fields in C", 0; 9n is a free 
On module of rank n. Let I{V) be the ideal in On consisting of germs of analytic 
functions vanishing on V. We denote by Qy = {v ^ '■ viH^)) — ^^e 
submodule of germs of vector fields tangent to V. 

The tangent space to the action of the group TZy is TTZy{h) = dh{Qy) = j7/i(0y), 
where Qy is the submodule of Qy given by the vector fields that are zero at zero. 
When the point a; = is a stratum in the logarithmic stratification of the analytic 
variety, this is the case when V has an isolated singularity at the origin, see j3] for 
details, both spaces Qy and 9^ coincide. 

The relative Milnor algebra My{h) of h is defined by 

When is a weighted homogeneous variety, we can always choose weighted ho- 
mogeneous generators for Qy. Moreover, it is finitely generated, see [1]. 
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We recall Mather's Lemma [4.41 providing effective necessary and sufficient condi- 
tions for a connected submanifold to be contained in an orbit. In Theorem 15.21 we 
show that two quasihomogeneous polynomials / and g having isomorphic relative 
Milnor algebras Mv{f) and Mv{g) are 7?.y-equivalent. 

In Theorem 15.41 we prove that two complex-analytic hypersurfaces, one is quasi- 
homogeneous and other is arbitrary, are determined by isomorphism of Jacobean 
ideals. 

The Example of Gaffney and Hauser, in [6], suggests us that we can not extend 
our results for arbitrary analytic germs. 

2. Quasihomogeneous Functions and Filtrations 

We refer Arnold's book [Ij for sections 2 and 3. 

Definition 2.1. A holomorphic function / : (C", 0) — i- (C, 0), defined on the com- 
plex space C", is called a quasihomogeneous function of degree d with exponents 

Wi,...,Wn if 

f{X'"'x,, A"'"x„) = X^fixu . . . , x„) V A > 
The exponents Wi are alternatively referred to as the weights of the variable Xt. 

In terms of the Taylor series fkX- of /, the quasihomogeneity condition means 
that the exponents of the nonzero terms of the series lie in the hyperplane 

L = {k: Wiki + . . . + Wnkn = d} 

Any quasihomogeneous function / of degree d satisfies Euler's identity 

(2.1) ^WiXifi = d.f where fi = ^ 

i=l * 

It implies that a quasihomogeneous function / belongs to its Jacobean ideal J7/. 
The following are well known results. 

Theorem 2.2. (Saito,[9\) A function- germ f : (C",0) — i- (C, 0) is equivalent to a 
quasihomogeneous function-germ if and only if f & Jf- 

Theorem 2.3. (Saito,\^\) Let f : (C",0) ^ (C, 0) and g : (C",0) (C, 0) be 
function- germs such that f ^ Jf and g Jg. Then the local algebras Qj and Qg 
are isomorphic if and only if the germs f and g are equivalent. 

Consider C" with a fixed coordinate system xi, . . . The algebra of formal 
power series in the coordinates will be denoted hj A = C[[xi, . . . We assume 

that a quasihomogeneity type w = {wi, . . . , Wn) is fixed. With each such w there is 
associated a filtration of the ring A, defined as follows. 

Definition 2.4. The monomial x- is said to have degree ci if < >= wiki + 

. . .+ Wnkn = d. 
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The degree of any monomial is a rational number. The exponents of all monomials 
of degree d lie in a single hyperplane parallel to the diagonal L. 

Definition 2.5. The order ci of a series (resp. polynomial) is the smallest of the 
degrees of the monomials that appear in that series (resp. polynomial). 

The series of order larger than or equal to d form a subspace C A. The order 
of a product is equal to the sum of the orders of the factors. Consequently, A^ is an 
ideal in the ring A. The family of ideals Ad constitutes a decreasing filtration of A: 
A^ C Ad whenever d > d. We let Ad+ denote the ideal in A formed by the series of 
order higher than d. 

Definition 2.6. The quotient algebra A/Ad+ is called the algebra of d-quasijets, 
and its elements are called (i-quasijets. 

Let d = [di, . . . ,dn) be a vector with nonnegative components and let F_ = 
(Fi, . . . , F„) be a map (C", 0) ^ (C", 0). 

Definition 2.7. F is said to be a quasihomogeneous map of degree d and type w if 
each component Fi is a quasihomogeneous function of degree di and type w. 

3. Quasihomogeneous Diffeomorphisms and Vector Fields 

Several Lie groups and algebras are associated with the filtration defined in the 
ring A of power series by the type of quasihomogeneity w. In the case of ordinary ho- 
mogeneity these are the general linear group, the group of fc-jets of diffeomorphisms, 
its subgroup of fc-jets with (/c — l)-jet equal to the identity, and their quotient groups. 
Their analogues for the case of a quasihomogeneous filtration are defined as follows 

P]- 

Definition 3.1. A formal diffeomorphism g : (C",0) — )■ (C",0) is a set of n power 
series Qi E A without constant terms for which the map g* : A ^ A given by the 
rule g*f = fogisaii algebra isomorphism. 

Definition 3.2. The diffeomorphism g is said to have order d if for every s 

{g* - l)As C As+d. 

The set of all diffeomorphisms of order d > is a group Gd- The family of groups 
Gd yields a decreasing filtration of the group G of formal diffeomorphisms; indeed, 
for d > d > 0, G^ G Gd and is a normal subgroup in Gd- 

The group Gq plays the role in the quasihomogeneous case that the full group of 
formal diffeomorphisms plays in the homogeneous case. We should emphasize that 
in the quasihomogeneous case Gq ^ G since certain diffeomorphisms have negative 
orders and do not belong to Gq. 
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Definition 3.3. The group of ci-quasijets of type w is the quotient group of the group 
of diffeomorphisms Gq by the subgroup Gd+ of diffeomorphisms of order higher than 
d: Jd — Go/ Gd+ 

Remsirk 3.4. In the ordinary homogeneous case our numbering differs from the 
standard one by 1: for us Jq is the group of 1-jets and so on. 

Jd acts as a group of hnear transformations on the space A/Ad+ of d-quasijets of 
functions. 

A special importance is attached to the group Jq, which is the quasihomogeneous 
generahzation of the general linear group. 

Definition 3.5. A diffeomorphism g & Gq is said to be quasihomogeneous of type 
w_ if each of the spaces of quasihomogeneous functions of degree d (and type w) is 
invariant under the action of g*. 

The set of all quasihomogeneous diffeomorphisms is a subgroup of Gq- This 
subgroup is canonically isomorphic to Jq, the isomorphism being provided by the 
restriction of the canonical projection Gq ~^ <^o- 

The infinitesimal analogues of the concepts introduced above look as follows. 

Definition 3.6. A formal vector field v — Yl, '^A, where di — d/dxi, is said to have 
order d if differentiation in the direction of v raises the degree of any function by at 
least d: L^Ag C As+d 

We let gd denote the set of all vector fields of order d. The filtration arising in 
this way in the Lie algebra g of vector fields (i.e., of derivations of the algebra ^4) is 
compatible with the filtrations in A and in the group of diffeomorphisms G: 

1. f e Ad,v e gs^ fv e gd+s, L^f e Ad+s 

2. The module gd, > 0, is a Lie algebra w.r.t. the Poisson bracket of vector fields. 

3. The Lie algebra gd is an ideal in the Lie algebra go. 

4. The Lie algebra jd of the Lie group Jd of (i-quasijets of diffeomorphisms is equal 
to the quotient algebra go/gd+- 

5. The quasihomogeneous vector fields of degree form a finite dimensional Lie 
subalgcbra of the Lie algebra go; this subalgebra is canonically isomorphic to the 
Lie algebra jo of the group of 0-jets of diffeomorphisms. 

The Lie algebra a of a quasihomogeneous vector field of degree is spanned, as a 
C-linear space, by all monomial fields x—di for which < P,w >— Wi. For example, 
the n fields Xidi belong to a for any w_. 

Example 3.7. Consider the quasihomogeneous polynomial / = x^y + of degree 
d = Q w.r.t. weights (2, 2, 3). Note that the Lie algebra of quasihomogeneous vector 
fields of degree is spanned by 

. . d d d d d . 
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4. Preliminary Results 

We recall here some basic facts on semialgebraic sets , which are also called 
constructible sets, especially in the complex case. For a more complete introduction 
we can see [7], chapter 1. 

Definition 4.1. Let M be a smooth algebraic variety over K {K = M or C as 
usual.) 

(i) Complex Case. A subset A G M is called semialgebraic if A belongs to the 
Boolean subalgebra generated by the Zariski closed subsets of M in the Boolean 
algebra P{M) of all subsets of M. 

(ii) Real Case. A subset A G M is called semialgebraic if A belongs to Boolean 
subalgebra generated by the open sets Uf = {x & U; f\x) > 0} where f/ C M is an 
algebraic open subset in M and / : M — )■ M is an algebraic function, in the Boolean 
algebra P(M) of all subsets of M. 

By definition, it follows that the class of semialgebraic subsets of M is closed 
under finite unions, finite intersections and complements. If / : M — is an 
algebraic mapping among the smooth algebraic varieties M and A^ and if i? C A^ is 
semialgebraic, then clearly f~^[B) is semialgebraic in M. Conversely, we have the 
following basic result. 

Theorem 4.2. (TARSKI-SEIDENBERG-CHEVALLEY) 

If A G M is semialgebraic, then f{A) G N is also semialgebraic. 

Next consider the following useful result. 

Proposition 4.3. Let G be an algebraic group acting (algebraically) on a smooth 
algebraic variety M . Then the corresponding orbits are smooth semialgebraic subsets 
in M. 

Let miCxM— )-Mbea smooth action. In order to decide whether two elements 
xo, xi G M are G-equivalent, we try to find a path (a homotopy) P = {xt; t G [0, 1]} 
such that P is entirely contained in a G-orbit. It turns out that this naive approach 
works quite well and the next result gives effective necessary and sufficient conditions 
for a connected submanifold (in our case the path P) to be contained in an orbit. 

Mather's Lemma 4.4. ([8]) Let m : G x M ^ M be a smooth action and P G M 
a connected smooth submanifold. Then P is contained in a single G-orbit if and 
only if the following conditions are fulfilled: 

(a) TxiG.x) D T^P , for any x E P. 

(b) dimTxiG.x) is constant for x G P. 



6 imran ahmed and maria aparecida scares ruas 

5. Polynomials with Isomorphic Relative Milnor Algebras are 

Equivalent 

For arbitrary (i.e. not necessary with isolated singularities) quasiliomogeneous 
polynomials we establish the following results. 

Lemma 5.1. Let f,gE H'^{n, 1; C) = H'^ be two quasihomogeneous polynomials of 
degree d and $ G Hl^[n, 1; C) be a quasihomogeneous polynomial of degree r w.r.t. 
weights w = {wi, . . . ,Wn) such that i7f(6y) = ^^(©y), where $^"'^(0) = V is a 
hypersurface in (C", 0). Then f^g. 

Proof. To prove this claim choose an appropriate submanifold of if^(n, 1;C) con- 
taining / and g and then apply Mather's lemma to get the result. 

Let f,g e H^{n, 1; C) such that ^^(60.) = JgiQ^y)- Set ft = {1 - t)f + tg e 
H^{n, 1;C). Consider the T^y-equivalence action on H^{n, 1;C) under the group 
nf = nvn H^, we have 

(5.1) TfXK-ft) = JfA^v) r^H^= {dfti^,) : z = 1, . . . ,p) n if^ C TfMt) 

where df^i^.) = Y.U ^^^"^''A = "^^'^-[d " + < P,w>= w,. 

We have the inclusion of finite dimensional C- vector spaces 

(5.2) T^.«./*) = {dftm nH^c jfie'y) n 

with equality for t = and t = 1. 

Let's show that we have equality for all t G [0, 1] except finitely many values. 
Take dim(J>,(e^) H H^) = dim(J/(e^) H H^) = s (say). Let's fix {d, . . . , ej a 
basis of J^f{Qy) n H^. Consider the s polynomials corresponding to the generators 
of the space (15. ip : 

We can express each ai{t), i = 1, s in terms of above mentioned fixed basis as 

(5.3) ai{t) = 4>ii{t)ei + . . . + 4>is{t)es, V i = 1, . . . , s 

where each (f)ij{t) is linear in t. Consider the matrix of transformation corresponding 
to the eqs. (15.31) 

/ hiit) 0i2(t) ... hsit) 
{(f)ij{t))sxs = ; ; ■•. ; 

V Mt) 0.2 (t) ... (Pssit) 

having rank at most s. Note that the equality 
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holds for those values of t in C for which the rank of above matrix is precisely 
s. We have the s x s-matrix whose determinant is a polynomial of degree s in t 
and by the fundamental theorem of algebra it has at most s roots in C for which 
rank of the matrix of transformation will be less than s. Therefore, the above- 
mentioned equality does not hold for at most finitely many values, say ti,...,tq 
where 1 < q < s. 

It follows that the dimension of the space (15.11) is constant for all t G C except 
finitely many values {ti, . . . ,tg}. 
For an arbitrary smooth path 

a:C^C\{ti,...,tJ 

with a{0) = and a(l) = 1, we have the connected smooth submanifold 

P = {/i = (1 - a{t))f{x) + a{t)g{x) : t e C} 

of H^. By the above, it follows dimTf^iJly.ft) is constant for ft G P. 

Now, to apply Mather's lemma, we need to show that the tangent space to the 
submanifold P is contained in that to the orbit TZy.ft for any ft G P. One clearly 
has 

Tf^P = {ft = -Oiit)f{x) + a{t)g{x) : Vt G C} 
Therefore, by Euler formula |2.H we have 

Tf.PGTfXK.ft) 

By Mather's lemma the submanifold P is contained in a single orbit. Hence the 
result. □ 

Theorem 5.2. Let f,g G i/^(n,l;C) and $ G iJ^(n,l;C). If Mv{f) ~ Mv{g) 
(isomorphism of graded C-algebra) then f^g. 

Proof. We show firstly that an isomorphism of graded C-algebras 
^ : (Mvig)), = (^%^). ^ (M(/)), = 
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is induced by an isomorphism u : — > C" such that M*(Jg(0y)) = i7f(0y). 
Consider the following commutative diagram. 



i 3 
Jd+l «* . jd+l 

P 9 

(Mv{g))i^^{Mv{f))i 


Define the morphism u* : J^+' — > J^"*"' by 

n 

(5.4) u*{xi) = Li{xi, . . . , x„) = ^ aijx'^' + ^ aifei...fc„xf^^ . . . x£ ; i = 1, . . . , n 

i=i 

where A;j„ e {1, . . . ,n} few^^/?! + . . . + Wk„(3n = deg^ixi) = Wjaj, which is well 
defined by commutativity of diagram below. 

Xi i - Li 

p g 
' ' y 
^ <p i> 
Xi 1—^ Li 

Note that the isomorphism (/? is a degree preserving map and is also given by the 
same morphism u*. Therefore, u* is an isomorphism. 
Now we show that M*(Jg(e^)) = JfiQy)- 

For every G e {J'g{Qy))d+i, we have u*{G) e {J'f{Qy))d+i by commutative diagram 
below. 

Qi ^> = M*(G) 

P 5 

01 ^F = 

It implies that u* {{J'g{Qy)) d+i) C (j7/(0y))(i+/. As -u,* is an isomorphism, there- 
fore it is invertible and by repeating the above argument for its inverse, we have 
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Therefore, u* {{Jg{Q\r)) d+i) = {Jf{Ql))d+i. It follows that u*{J,{Ql)) = J/(eo,). 
Thus, u* is an isomorphism with u*{Jg{Qy)) = Jf{Qy). 
By eq. (15 .4^ . the map m : C" — )■ C" can be defined by 

u{Zi, . . . , Zn) = {Li{Zi, . . . , Zn), • • • , Ln{Zi, . . . , 



. . .X 



kn ' 



1 n, 



where Li{zi, . . . , z^) = YTj=i (^ij^T + ^ '^ifci-fcn^£ 
fcm e {1, . . . ,n}&Wfe^/3i + . . . + Wk„l3n = deg^ixi) = wjaj. 

Note that u is an isomorphism by Prop. 3.16 [5], p. 23. In this way, we have 
shown that the isomorphism is induced by the isomorphism m : C" — ?■ C" such 
that M*(j7g(eo.)) = JfiQ'y). 

Consider M*(j7g(0v')) =< di ° u, ■ ■ ■ , Qn ° u >= i7gou(0y), where gj are the gen- 
erators of J7g(6y). Therefore, j7goM(0v') ~ ^/(^y) ^ 9 fi^Y Lemma ETT] 
Hence, by definition there exists G TZy such that g o u = f o h. Since T^y is a 
group, therefore h^^ G T^y- 

Taking u = we have (70/1 ~ g_ Thus, f ^ g. □ 
Remark 5.3. The converse implication, namely 

f'i^ g^MvU)-Mv{g) 
always holds(even for analytic germs /, g defining IHS). 

Proof. Let f'^g. Then, by definition, there exists an analytic isomorphism h G IZy 
such that foh = g.\i follows that Jfohi^v) = Jgi^v) ^ = JgC^v)- 

By Prop. 3.16 [5], p. 23 h* is analytic isomorphism. 
Thus, My if) = Mv{g) by the commutativity of the diagram below. 







M^'v) - 







C[Xi, ...,Xn] *- C[Xi, ...,Xn\ 



Mv{g) 



Mvif) 











□ 
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Theorem 5.4. Let f G if^(n, 1;C) = be a quasihomogeneous polynomials of 
degree d and $ G H^{n, 1; C) be a quasihomogeneous polynomial of degree r w.r.t. 



weights w_ = {wi, . . . ,Wn)- Let g be an arbitrary analytic germ such that Jf{Q 
J7g(0y), where $~^(0) = V is a hypersurface in (C",0). Then f ^ g. 

Proof. Let JjiQv) = Jg{Qy). Then there exists an analytic isomorphism h E TZ 
such that h*{Jg{Qlr)) = Jf{Q^v) by Prop. 3.16 [5], p.23. 

It follows that Jgoh{^v) ~ •^/(®y)' where g o k is quasihomogeneous polynomial. 
It implies that g o h ~ / by Lemma 15.11 Hence, by definition there exists u G TZy 
such that g o h = f o u. Since TZy is a group, therefore G TZy- 
Taking h = u'~^ we have g o g. Thus, f ^ g- □ 

The following Example of Gaffney and Hauser, in f6], suggests us that we can not 
extend the Lemma 15.11 and Theorem 15.41 for arbitrary analytic germs. 

Example 5.5. Let h : (C", 0) (C, 0) be any function satisfying h ^ Jh CI On 
i.e. h ^ H^{n, 1; C). Define a family ft : (C" x x C, 0) ^ (C, 0) by ft{x, y, z) = 
h{x) + (1 + ^ + t)h{y), and let {Xt, 0) C (C^^+i, 0) be the hypersurface defined by 
ft- Note that 

Jf, = {^^{x),^^{y),h{y)),teC. 

On the other hand, the family {{Xt,0)}tec is not trivial i.e. {Xt,0) ^ (Xo,0): For, 
if {ft}tec were trivial, we would have by Proposition 2, §1, [6] 

9 ft 

—1 = h{y) G {ft) + m2n+iJft = (ft) + m2n+iJh{x) + m2n+iJh{y) + m2n+i{h{y)) 

Solving for h{y) implies either h{y) G J'h(y) or h{x) G J'h(x) contradicting the as- 
sumption on h. 

It follows that ft is not 7?.-equivalent to /q. 
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